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a b s t r a c t
Abrasive water jets (AWJs) are finding growing applications for machining a wide range
of difficult-to-machine materials such as titanium alloys, stainless steel, metal matrix
and fibre reinforced composites, etc. Current applications of AWJs include machining of
Titanium alloys for aircraft components and bio-medical implants to removal of aircraft
engine coatings. This paper presents the application of an elasto-plastic model based
explicit finite element analysis (FEA) to model the erosion behaviour in abrasive water jet
machining (AWJM). The novelty of this work includes FEmodelling of the effect of multiple
(twenty) particle impact on erosion of Grade 5 Titanium alloy (Ti-6Al-4V). The influence of
abrasive particle impact angle and velocity on the crater sphericity and depth, and erosion
rate has been investigated. The FE model has been validated for stainless steel and yields
largely improved results. Further, the same FEA approach has been extended to model the
multi-particle impact erosion behaviour of Titanium alloy.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Abrasive jet machining, abrasive water jet machining (AWJM), abrasive flow machining and shot peening (or blasting)
are some of the non-traditional processes using a multitude of fine abrasives in the form of a high pressure jet for material
processing. The kinetic energy associated with these high velocity jets can be used to erode or cut virtually any material.
Erosion is a complex phenomenon occurring in several engineering applications like slurry flow in pipes, gas turbines, valves,
rocket nozzles and AWJM. It depends on the velocity, angle of attack, size and shape, and loading ratio of the abrasive
particles.
For ductile materials, such as stainless steel and Titanium (Ti) alloys the impact of hard particles causes localized plastic
strain at the impact surface. Material removal takes place when this strain value exceeds the material’s strain-to-failure
value. For brittle materials, such as ceramics and intermetallic compounds, the force of impacting particles causes localized
cracking at the surface.With subsequent impacts, these cracks propagate and eventually link together to detach thematerial
from the surface [1]. Although shot peening is a slightly different process (as material is not actually removed from the
workpiece surface), the effect of impacting particles on the residual stresses below the surface is similar to that observed in
an erosion process.
Ti alloys possess several unique mechanical and physical properties such as high strength to weight ratio, high
temperature strength and exceptional corrosion resistance. These are the major reasons for widespread use of Ti alloys,
particularly in aerospace engine components and structural members. Other major applications of Ti alloys are in the
chemical and biomedical industries e.g. for medical implants. Among the different Ti alloys, Ti–6Al–4V (or Grade 5) is most
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widely used in the aerospace industry, accounting for nearly 45% of the industry’s total Ti alloy consumption. However,
the superior mechanical properties of Ti alloys that are beneficial for real life service conditions also severely limit their
machinability.
2. Previous work
Extensive literature on solid particle erosion and process simulation models is available. An early, often used
consideration of the material erosion by micro-cutting is by assuming a plastic response of the material, determined by
its flow stress [2]. Bitter divided the entire material removal process into twomodes called ‘cutting wear’ that occurs at low
impact angles, and ‘deformation wear’ that occurs at high impact angles [3,4]. Hutchings defined two modes of material
removal due to micro-cutting, as ‘cutting deformation’ and ‘ploughing deformation’ [5]. The ploughing-deformation mode
dominates thematerial removal by spherical particles; whereas, cutting-deformation is significant for sharp-edged, angular
particles. Simple fracture mechanics models were adopted by [6] to define secondary fragmentation in water jet cutting
of brittle multi-phase materials. Meng et al. defined four (cutting, fatigue, melting and brittle fracture) sub-mechanisms
acting in combination, by which solid particles separate the material from a target surface [7]. The importance of these sub-
mechanisms for the particular erosion process depends on several factors, such as the abrading particle’s kinetic energy,
impact angle and shape, and the target material properties.
In order to understand the physics of the AWJ material removal process, many attempts have been made through
experimentation. A unit event approach to simulate the AWJM process, where the amount of material removed by a single
abrasive particle at different impact angles was defined experimentally by [8]. To model the 3D topography of the surface
cut by AWJ, ballistic theory was used to predict the trajectory of the jet in the workpiece material and Bitter’s theory was
used to predict the material removal [9].
Experimentally, onemaymeasure the volume loss of amaterial and also investigate the erosionmechanism by analysing
the worn surface and the erosion conditions. However, erosion is a complex process, governed by many factors which
make it practically very difficult to explain all the information obtained experimentally. Computer modelling allows
‘virtual experiments’ to be carried out under controlled conditions and provides an effective method, complementary to
experimental techniques, for a fundamental understanding of the process. In this case, to predict the material performance
during solid abrasive particle impact induced erosion.
A number of authors have attempted to address the above problem of material removal using numerical methods based
on the finite element method (FEM). Numerical methods may not be able to provide a detailed microscopic insight into
cutting and/or ploughing. Nevertheless, they are highly advantageous as they are capable of simulating the erosion or
machining behaviour under different conditions (type ofmaterial, particle speed, size, shape, impact angle, etc.) thus leading
to significant cost reduction, as against the equivalent experimentation. Erosion modelling using a dynamic simulation
model in which an algorithm similar to that used in the explicit formulation in FEM has been used by [10]. Their 2D model
included strain hardening and material failure but neglected the third component of strain.
The erosion of structuralmild steel, stainless steel and ferritic spherical graphite cast ironwas also studied experimentally
and through simulation by [11]. They simulated the impact of only a single particle and concluded that there is an intimate
relationship between the erosion rate and the protrusions at the edge of an impression. Their FE simulation, however, did not
include any failure criteria and plane strain case was assumed. The effect of single particle impact on the crater sphericity
at the surface of a stainless steel workpiece using Ansys/LS-Dyna FEA softwares, considering different particle velocities
and impact angles was analysed by [12]. While in their experiments, the corresponding pressure was used instead and 200
craters were examined for different test cases. The numerical solution’s accuracy can be improved by adopting a strain rate
approach and/or assuming a Johnson-Cookmodel for the targetmaterial. Ahmadi-Brooghani et al. extended thework of [12]
by applying the Johnson-Cook model using Abaqus FEA software, but for the case of a single particle impact on stainless
steel [13]. FE analysis of single rhomboidal particle impact at different orientations and angles of attack was also conducted
by [14] and a comparison was made with the experimental counterparts.
Another elasto-plastic FEmodelwas developed for simulating the effect ofmultiple particle impacts onmaterial removal,
by employing a flow stressmaterial behaviour, based on the Johnson-Cookmaterialmodel, for Titanium alloy [15]. However,
they considered only three spherical abrasive particles and showed that the erosion rate stabilized after the impact of three
particles. Crater sphericity too was not evaluated in their work. A non-linear FE model using the LS-Dyna 3D code was
developed by [16] which simulates pure water flow and the erosion of stainless steel target caused by a high-pressure water
jet without laden abrasives. The failure of elements in the target material was handled by introducing a threshold strain
after which the Lagrangian finite elements were removed.
FEA has also been used for modelling of erosive wear [15], to study the residual stresses resulting from single particle
impact [17], to evaluate the amount of kinetic energy dissipated due to stresswave propagation and plastic deformation [18],
to predict the depth of cut in the target material in AWJM [19] and to determine the plastic strain and plastic strain rate in
machining of steel [20].
From a literature review of abrasive machining processes it can be concluded, that among the various attempts made
to simulate material removal process, including FEA, there is still lack of a model that can predict the complete erosion
behaviour. The main motivation of the present work is to analyse the influence of impact of multiple abrasive particles on
thematerial erosion behaviour of Grade 5 Ti alloy. In the current study, multiple (twenty) impacting particles are considered
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Fig. 1. Depth of contact and depth of cut in single particle erosion model.
for the first time, allowing for a more realistic simulation of the resulting geometry and crater depth for Ti alloy. Further,
to the best of the authors’ knowledge studies on FE simulation of multi-particle impact on Grade 5 Ti alloy for the present
velocity range and abrasive size are unavailable in the open literature.
3. Erosion modelling
3.1. Finnie model for ductile erosion
The first single-particle erosive cutting model was derived in [2]. The model assumes a hard rigid abrasive particle with
velocity V impacting a target surface at an angle α (to the horizontal). The final expression for the total volume of material
VM removed can be obtained from Eq. (1).
VM = mV
2
ψpK
f (α)
f (α) = sin(2α)− 6 sin
2(α)
K
, for tan(α) ≤ K
6
(1)
f (α) = K cos
2(α)
6
, for tan(α) >
K
6
wherem is themass of the abrasive particle, α is the angle of attack, K is the ratio of vertical to horizontal force components,
p is the flow stress of the eroded workpiece material andψ is the ratio of the depth of contact l and depth of cut Y as shown
in Fig. 1 [2].
The total volume of material removed by multiple particles having a total massM can be obtained from Eq. (2).
VM = cMV
2
ψpK
f (α)
f (α) = sin(2α)− 6 sin
2(α)
K
, for tan(α) ≤ K
6
(2)
f (α) = K cos
2(α)
6
, for tan(α) >
K
6
.
The constant c is used to compensate for the particles that do not follow the ideal model (as some particles impact
with each other or fracture during erosion). Although, Finnie’s erosion model is oversimplified, it is still considered as the
fundamental erosionmodel and has provided the basis formost of the studies conducted formodelling of the erosion process
for ductile materials.
3.2. Hashish model for erosion
Hashish modified the velocity exponent predicted by the Finnie’s erosion model and also included the effect of particle
shape [21]. This model is more suitable for shallow angles of impact and is given by Eq. (3).
VM = 7M
πρp

V
Ck
2.5
sin(2α)
√
sinα (3)
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Table 1
Material properties used for FE modelling.
Properties Abrasive Target
Material Steel Ti–6Al–4V
Density (ρ) 7870kg/m3 4420kg/m3
Elasticity modulus (E) 200 GPa 110 GPa
Poisson’s ratio (µ) 0.27 0.32
Yield stress – 840 MPa
Elongation – 0.35
where Ck can be computed from Eq. (4)
Ck =
3σf R 35f
ρp
(4)
where Rf is the particle roundness factor, σf is the flow stress of ductile workpiece material and ρp is the particle density.
4. Finite element model description and simulation procedure
In the following section the explicit FEA model and the simulation procedure adopted in the present work has been
described. It is believed to be the most appropriate approach to realistically model the physics of AWJM process.
4.1. Material modelling
Initially the impacting particles are assumed to bemade of stainless steel, of spherical shape (for simplicity) and solid rigid
material, with properties listed in Table 1. A rigid body is an idealization of a solid body of finite size in which deformations
are neglected. This is done to exactly simulate themodelling conditions of [12]. On successful validation the abrasivematerial
was substituted by garnet. The rigid material model has been used in both the cases for the impacting abrasive particle.
The target workpiece material was Ti alloy Ti–6Al–4V (properties listed in Table 1) for which a piecewise linear elasto-
plastic material model has been used. In the piecewise linear elasto-plastic model, deviatoric stresses (Sij) are determined
that satisfy the yield function given by Eq. (5).
φ = 1
2
SijSij −
σ 2y
3
≤ 0 (5)
where σy can be calculated from Eq. (6) as follows:
σy = β(σ0 + Epϵpeff) (6)
where Ep is the plastic hardening modulus, σ0 is the yield strength of the material, ϵ
p
eff is the effective plastic strain and β is
the strain rate dependent factor given by Eq. (9).
This material model has been implemented, by elastically updating the deviatoric stresses and checking the yield
function. If the yield function was satisfied the deviatoric stresses were accepted, else an increment in plastic strain was
computed using Eq. (7).
1ε
p
eff =
 3
2S
∗
ijS
∗
ij
 1
2 − σy
3G+ Ep (7)
where G is the shear modulus and Ep is the current plastic hardening modulus. The trial deviatoric stress state Sij is scaled
back as Eq. (8).
Sn+1ij =
σy 3
2S
∗
ijS
∗
ij
 1
2
S∗ij . (8)
4.2. Failure model
For failure modelling the strain rate was accounted for using the Cowper and Symonds model which scales the yield
stress by a strain rate dependent factor β given by Eq. (9).
β =

1+

ε˙
C
 1
p

(9)
where p = 9 and C = 120 are constants and ϵ˙ is the strain rate.
4604 N. Kumar, M. Shukla / Journal of Computational and Applied Mathematics 236 (2012) 4600–4610
Fig. 2. Meshed model with boundary conditions for single particle impact.
Table 2
Process parameter settings for FEA simulation.
Parameter Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8 Case 9
Velocity (m/s) 180 200 220 180 200 220 180 200 220
Impact angle (°) 30 30 30 60 60 60 90 90 90
4.3. Meshing and simulation procedure
In order to achieve accurate results without extended computations theworkpiece is partitionedwith a finermesh in the
vicinity of the impact point, with a bias towards the impact region. A bias intensity of 25 is used while moving towards the
impact zone along the Z-coordinate. Adaptivemeshing on the target was generated using themeshing software Hypermesh
(version 9.0). The meshed model for the workpiece and impacting particle along with the associated boundary condition is
shown in Fig. 2.
The particle diameter used in the present work is 100 µm, which is similar to that normally used in AWJM, 100 times
smaller than [22] and three times smaller than [15]. This leads to other issues which have been taken into account in the
present FE simulation strategy, e.g. the element size has been made much smaller and due to the very small mass of the
spherical abrasive particle it had to be given appropriate inertial properties (moment of inertia and inertia tensor). The
abrading particle was modelled using rigid 3D hexahedral elements (numbering 1512). The dimensions of the target used
were 0.4× 0.4× 0.1 mm. It was modelled with a combination of 3D linear eight-noded brick (numbering 138740) and 3D
linear tetrahedral (numbering 10500) elements.
In the present FE model the velocity and gravity effects have also been considered. For higher velocities (180–220 m/s),
small particle diameter (100 µm) and due to the fact that the impact takes place for a very short time (i.e. the contact time
between workpiece surface and abrasive particle is nearly 1 micro second) an implicit code could not be applied. Hence
LS-Dyna 3D code (version 970) was chosen, which is an explicit numerical code, popularly used to analyse a variety of
impact problems [23]. The analysis employed a Lagrangian formulation. Eq. (10) details the momentum equation used.
MU¨ = F ext − F int (10)
whereM is the lumped mass matrix, U¨ is the nodal acceleration at each time step, F ext is the externally applied load at each
node and F int is the internal force. This set of equations is solved by the central difference method using an explicit time
integration scheme and employing a lumped mass matrix.
Meo andVignevic investigated the effect of friction coefficient on residual stresses in shot peening and found the variation
in plastic strain to be negligible for 0.1 ≤ µ ≤ 0.5 but significant when changed from 0 to 0.1 [24]. Therefore in this work,
the Coulomb friction coefficient between the abrasive particle and the workpiece was assumed to be 0.2. Maranho and
Davim also concluded that the friction coefficient at the tool–chip interface has a strong effect in the cutting process and
is crucial to obtain valuable predictions in FEM modelling of machining [25]. The selected type of contact model had to
fulfil two conditions. Firstly, the contact had to be of surface-to-surface type and secondly the contact type had to allow a
surface experiencing material failure during the contact [12]. The same surface-to-surface type of contact has been used at
the eroding surface in the present work. Table 2 gives the details of the nine case studies investigated in the present work
keeping the particle diameter = 100 µm and number of impacting particles = 20 as constant in every case.
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Fig. 3. Crater sphericity.
Table 3
Comparison of FEA simulation and experimental results for single particle impact of
stainless steel.
Impact angle (°) 30 60 90
1. Measured sphericity at Jet pre.= 200 MPa [12] 0.452 0.603 0.759
2. Simulated sphericity at Vabr = 180 m/s [12] 0.753 0.905 1.000
3. Simulated sphericity at Vabr = 180 m/s (present) 0.562 0.792 1.000
4. Relative difference,1SC between 2 and 1 39.9 33.4 24.0
5. Relative difference,1SC between 3 and 1 19.6 23.9 24.0
1. Measured sphericity at Jet pre.= 250 MPa [12] 0.498 0.623 0.793
2. Simulated sphericity at Vabr = 200 m/s [12] 0.747 0.905 1.000
3. Simulated sphericity at Vabr = 200 m/s (present) 0.595 0.808 1.000
4. Relative difference,1SC between 2 and 1 33.4 31.1 20.7
5. Relative difference,1SC between 3 and 1 16.3 22.8 20.7
1. Measured sphericity at Jet pre.= 300 MPa [12] 0.492 0.637 0.825
2. Simulated sphericity at Vabr = 220 m/s [12] 0.705 0.924 1.000
3. Simulated sphericity at Vabr = 220 m/s (present) 0.593 0.830 1.000
4. Relative difference,1SC between 2 and 1 33.4 31.1 17.5
5. Relative difference,1SC between 3 and 1 17.1 23.2 17.5
The above nine cases were simulated and volume eroded after each particle impact in all the cases has been determined.
The entire pre- and post-processingwas carried out using the LS-Dyna Pre-post (processor) [26]. Crater sphericity SC defined
as the ratio of the minor crater dimension d1 to the major crater dimension d2 is illustrated in Fig. 3, and given as-
SC = d1d2 . (11)
The FEA results obtained and their validation is presented in the next section.
5. Results and validation of FEA simulation
5.1. Effect of single particle impact on crater profiles and sphericity for stainless steel
At first the FEA simulation results for a single particle impact are validated with the FEA and experimental results as
obtained by [12] for crater sphericity in stainless steel. The abrasive and workpiece material properties along with the
three impact angles and velocities are maintained the same as in the above reference. The top view of the resulting crater
profiles for the nine different cases after impact of single particle are shown in Fig. 4. Theminor andmajor dimensions of the
simulated craters at the workpiece surface are measured and crater sphericity calculated. The % relative difference between
the FEA simulated sphericity and the measured experimental sphericity in [12] (1SC ) was calculated using the following
relation:
1SC = SC,FEA − SC,expSC,FEA X 100%. (12)
On obtaining a close matching of results the same model is extended for multi-particle impact of Ti alloy.
For comparison the relative difference of sphericity obtained by the FE simulation and experimental measurements
of [12] and those between the present FE simulation and experimental measurements of [12] are presented in Table 3.
As expected, the crater sphericity= 1.0 when the impact angle of abrasive particle is set to 90° irrespective of the particle
velocity. However, the sphericity decreases to a value of 0.56–0.59 when the impact angle decreases to 30°. From Table 3, it
is clear that the results obtained by the present FEM are closer by nearly 20% to the experimental results of [12]. The reason
for closer prediction by the presentmodel compared to that of Junkar et al. at 30° and 60° is the use of a different constitutive
model and modelling of multi-particle impact. The same FE modelling approach has been used for further investigation of
the effect of multi-particle impact on erosion of Grade 5 Ti alloy.
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Fig. 4. Top view of crater profiles simulated at different particle velocities and impact angles after the impact of single particle for stainless steel.
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Fig. 5. Von-Mises residual stress values after the impact of 14th particle.
5.2. Effect of multiple particle impact on crater sphericity for Ti alloy
The abrasive properties, impact angles and velocities, and FEAmodelling parameters are kept the same as single particle
impact modelling. Values of the evaluated residual stresses after the impact of the 14th particle for a representative case of
impact angle = 30° and impact velocity = 200 m/s are shown in Fig. 5. The maximum Von-Mises stress values of around
3.24 GPa are observed at the lower half of the workpiece.
For the impact angle of 90°, the sphericity evaluated at the top surface of workpiece remains equal to 1.0, irrespective
of the particle velocity. For impact angles less than 90°, the sphericity value goes on decreasing as the number of impacting
particles increases. The stabilization of sphericity depends on the impacting particle angle and the particle velocity.
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Fig. 6. Effect of impacting particle velocity and number of impacting particles on crater sphericity for α = 30°.
Fig. 7. Effect of impacting particle velocity and number of impacting particles on crater sphericity for α = 60°.
As is evident from Fig. 6 when α = 30°, the sphericity becomes constant after the 17th particle impact for particle
velocity = 180m/s. The same becomes constant after the impact of 15th and 13th particlewhen velocity= 200 and 220m/s
respectively. As seen from Figs. 6 and 7, initially up to the impact of the 3rd or 4th particle the sphericity increases, because
in the beginning the smaller crater dimension d1 increases up to a value when it becomes equal to the abrasive particle
diameter (0.1 mm). Thereafter the larger crater dimension d2 starts increasing due to angular impact of multiple particles
and hence crater sphericity starts to decrease. A stage arrives when only the crater depth increases and sphericity remains
constant. The nature of results is similar to those reported by [15] but the magnitudes are different as they investigated the
impact of only 3 abrasive particles of different diameter and at much lower velocities.
5.3. Effect of multiple particle impact on crater depth/depth of cut for Ti alloy
The effect of impacting abrasive particles is the crater produced. Crater depth (or depth of cut) is another criterion that
can be considered for the evaluation of eroded volume and its rate. In the present work the crater depth for Grade 5 Ti alloy
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Fig. 8. Effect of impacting particle velocity and number of impacting particles on depth of cut for α = 30°.
Fig. 9. Effect of impacting particle velocity and number of impacting particles on depth of cut for α = 60°.
workpiece has been calculated for increasing number of impacting particles at different velocities and impact angles. The
same is exactly unreported so far in the literature for a large number of impacting particles, higher velocities and smaller
diameter of abrasive particle.
Figs. 8 and 9 show the variation of depth of cut with number of impacting particles. It was evaluated that for the first
8–10 particles (depending on impact velocity) the crater depth increases sharply,while after that the rate of increase reduces
owing to the decrease in erosion efficacy of the impacting particle inside the crater. The depth of the cut is higher for larger
impact angles owing to the higher impact velocity (or pressure) component.
Fig. 10 shows the crater depth vs. impact angles for different velocities after the impact of the 10th particle. As observed
the crater depth increases as the velocity and impact angle increase, reaching a maximum at 90°. This is an obvious result
since the particle has larger energy and momentum at higher velocity and impact angle and therefore the deformation on
the workpiece increases.
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Fig. 10. Effect of impact angle and particle velocity on the depth of cut at the end of impact of 10th particle.
Fig. 11. Comparison of effect of particle impact angle on erosion rate for different erosion models.
5.4. Effect of multiple particle impact angle on erosion rate for Ti alloy
Fig. 11 shows the comparison of the effect of particle impact angle on erosion rate at an impact velocity of 180 m/s, as
obtained by different erosion models. Simulation results for Ti alloy also show a peak erosion rate at around 45°, which
is reported to be a typical behaviour of ductile materials [2,3,15]. It has also been concluded that the angle at which the
maximum erosion occurs is material dependent.
Further, simulation studies for the evaluation of (a) contact time between the abrasive particle and workpiece during
impact, and (b) rebound velocity, for varying angles of attack and impact velocities, were also conducted and found to be in
good agreement with the results of [22].
6. Conclusions
An improved finite element model to simulate the 3D erosion in AWJM of Grade 5 Titanium alloy is presented in this
paper. The material model employed is elasto-plastic with material failure capability. The results of the study indicate a
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significant variation of crater geometry for impact of up to the first 17 particles, depending on impacting velocity and angle.
The FE model offers an important extension over the models presented in the literature so far as it accounts for multiple
particle impact studies on Titanium alloy for the first time. This model is likely to help in limiting the experiments required
to determine the erosion of Ti–6Al–4V alloy for AWJM of bio-medical implants and aerospace structural members. In the
future attempts will be made to develop a full model to simulate an abrasive laden water jet to understand the effect of
slurry jet hydrodynamics and process variables on material erosion.
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